Journal of Computing Research and Innovation (JCRINN) Vol. 8 No.1 (2023) (pp1-10)
https://jcrinn.com : elSSN: 2600-8793

Decomposition of a Fuzzy Function by One-Dimensional Fuzzy
Multiresolution Analysis

Jean-louis Akakatshi Ossako!", Rebecca Walo Omana?, Richard Bopili Mbotia3 Antoine
Kitombole Tshovu*

124 Department of Mathematics and Computer Science, Faculty of Science and Technology, University of Kinshasa,
Kinshasa, D.R.Congo
3Department of Physics, Faculty of Science and Technology, University of Kinshasa, Kinshasa, D.R.Congo

Corresponding author: *jlakakatshi@gmail.com

Received Date: 10 January 2023
Accepted Date: 27 February 2023
Published Date: 01 March 2023

HIGHLIGHTS

e Demonstration of the existence of fuzzy multi-resolution analyzes for the decomposition of a fuzzy
signal

e Obtaining the fuzzy spaces containing the details of the fuzzy signal by the existence of a fuzzy
wavelet

e Construction of a fuzzy wavelet

e obtaining a fuzzy orthonormal basis of L ([0,1], L(R), 1, F(R)) on which to decompose a fuzzy
signal

ABSTRACT

Signal compression and data compression are techniques for storing and transmitting signals using fewer
bits as possible for encoding a complete signal. A good signal compression scheme requires a good
signal decomposition scheme. The decomposition of the signal can be done as follows: The signal is split
into a low-resolution part, described by a smaller number of samples than the original signal, and a
signal difference, which describes the difference between the low-resolution signal and the real coded
signal. Our paper deals with the proofs of these properties in a fuzzy environment. The proof of one-
dimensional multiresolution analysis is given. The concept of fuzzy wavelets is introduced and as a
byproduct a special fuzzy space of details of a signal is given and an orthonormal basis of

L? ([0,1], P(R), 1, F(R)) decomposing the fuzzy signal is obtained.

Keywords: Fuzzy image, fuzzy multiresolution analyzes, fuzzy basis functions, fuzzy basis Riesz, fuzzy
orthonormal basis.
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INTRODUCTION

The one-dimensional multiresolution analysis of L (R) is an appropriate tool for wavelet study it, allows
in particular, the construction of an orthonormal bases (Mallat, 1999; Meyer, 1987; Daubechies, 1992;
Mehra, 2018).

The multiresolution analysis of a sequence of nested and closed subspaces (Vj) .., satisfying the

j== 0,
following properties:
1) VjeZ, Vj c Vj+1.

2) VjeZ, f)eV, = f(2Y) eV,
3) Vkez, f(t)eV, < f(t—k)eV,
4) limv, = [V, =10}.

jo —» j=—©

5) limV, = [jvj = L*(R)

jo +o j=—o
Moreover, there exist ¢ L2 (R) such that {O(t - n)}nz is a Riesz basis of Vo .

A function f eLZ(R) is approximated at any level j of this analysis, and the approximation inV; is twice
finer than in Vj., forevery j = -, ..... , oo,

Problematic

This multiresolution analysis defines f in L*(R) using an orthonormal basis, as a sum of details.
The paper deals with this analysis in a fuzzy environment.

Methodology
Our methodological scheme follows the following steps:
- Fuzzy multi-resolution analysis ;

- Detail spaces and wavelets ;
- Construction of the fuzzy wavelet ;

- Fuzzy orthonormal bases of LZ([O,l],,B(R),,u, F (R)).

Interest of the subject

The interest of our work is that it takes into account the fuzzy environment in the signal
decomposition by one-dimensional multiresolution analysis in wavelet theory.

Results obtained:

The main result is multiresolution analysis and fuzzy orthonormal bases of

L?([0,1], B(R), i, F(R))

Consider an interval [a, b] as a fuzzy universe set.
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The fuzzy partition of this universe is given by the fuzzy subsets of the universe [a, b] which admit the
properties given in the following definition:

Definition 1.1 (Perfilieva, 2006; Ohlan, 2021; Bloch, 2015 ; Sussner, 2016)

Consider x1 <......... < xn fixed nodes such that xo = a and X+1 = b with n > 2.

Then the fuzzy sets Aq,....... , An , of membership functions A; (x) ,......... , An (X) defined on [a, b], form a
fuzzy partition of [a, b] if they satisfy the following conditions for

k=1,...... n:

Q) Ac:[a,b]— [0,1], Ac(x)=1;

(2) Ac(X)=0ifxg (Xe1, Xke1 ) ;

(3) Axis continuous;

(4) A, fork=2,........ N, increases strictly on [Xk.1 , Xk ] and decreases strictly on
[Xic, Xee1 ] fork =1,.......... ,n-1.

(5) Forall xe [a, b], Zn:Ak (x)=1

k=1

And the membership functions that can be identified with the sets As,......... A, are called fuzzy basis
functions.

Fuzzy multi-resolution analysis

Let f: [0, 1] — F (R) a fuzzy function and K (R) be the set of closed intervals of R

Then a-cuts of 1 fa =[f]" e KR)

Theorem 1.2

There is a sequence of fuzzy sets {Vi }jeZ forming a multi-resolution analysis of

L*([0,1], B(R), &, F (R)).

Proof
2 a _ (4
Consider a sequence {VJ }jeZ in - ([0’1]”3(R)’“’ F(R)) and V oe [0, 1], let Vit = [Vj]
the a — level sets of V; .
we have: Vi € K(R) |
Assume that this sequence of closed intervals is nested and verifies the following properties:
1) VjeZ V{c Vi,

2) Vjez,3f:[0,]]> F(R)) suchthat f,(t) eV < f, (2t) eV/;
3) VkeZ, f,(t)eV, < f (t—-k)eV,;

4) jlj)r[]wvj“ = [lvja ={o}

5) jllmnvi = UV,

j=—©
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V' ae [0, 1], we shown in lemma 1.4 the existence of a Riesz basis {6 (t - n)}ncz .

Note that j stands for resolution and represents the level of analysis of the function f

Vi of f Vii but half good as that in 1 .

a ; the

approximation in a is twice fine as in

Define Vs = {VeF(R): V] evy' | (L1)

Then for ve V; , we have : Ve € Vit c Vi

v, eVJ+1 andVEV

Therefore,
The choice of v being arbitrary, we have :
1)V,cV,,, VjeZ

2') By definition, if Ve €[0,1] f, (t) eV  then: f(t)eV, andby?2), f(t)eV, = f(2)eV,,
VijeZ.

3) Similarly, if Va €[0,1] , f,(t) eV, then: f(t) eV, and by 3), f(t) eV, = f(t—k)eV,
vkeZ .
Note that :

mﬂﬂv}znvf
wL%V}—PVa
5 From (||) we have :

lim UV“ UV“and Ilm{UVT [IImUV}az UV“

N—+0 j=—N j=—o N—>+o | j=—N N—>ow _N j=—o

Hence, lim U V; = U V.

N—+0 j=_N j=—

we have lim V; U V;

J~>+oo J:—oo

SlnceV cV

j+1 2

4) V| forms decreasing nested intervals when j — —oo thatis V{;,;) = V¢, sowe have :

f’o]vj‘” {0} and lim V7 ={0}= ﬂV“—[Ilm HVT.

j=—o ]+ j=— N> _N

To complete the proof of theorem 1.2, we need to show the existence of a Riesz basis for V,* and

therefore, by (1.1) a Riesz basis for V.
This is done in lemma 1.4

Definition 1.3 (Mallat, 1999 ; Le Cadet, 2004)

A family of vectors {en . is a Riesz basis of H if it is linearly independent and there exist A > 0

and B > 0 such that for any f € H, we can find a[n] with
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f= +Zoo:a[n]en satisfactory A| f |* < i| aln]|”<B| .

n=-o

Note that this energy equivalence ensures that the development of f on {en }nez is numerically stable.

The following theorem, inspired by (Mallat, 1999), gives a necessary and sufficient condition for

{9 (t-n) }neZ to be a Riesz basis of Yo -

Lemmal.4
A family {6’“ (t- n}nez ,a€ [0, 1], is a Riesz basis of V" if and only if

2
30<Aand 0<BsuchthatVwe[-7,7 | Lo > 0% (w+2kz)| < % (1.2)
kezZ
Proof
(i) By definition, { o (t=n) }”EZ is a Riesz basis of Vo* if V fe Vo*,
()= ; a [n]ga (t-n) and there exist A > 0 and B > 0 such that
At <> |aln]*<B] f]° (1.3)

nez

The Fourier transform of f is fw)=a(w) 0% (w+2kz) where a(w) = Za [n] ¢ 'We [-m, m.

neZ

By the Parseval identity, we have :
2 1 p2r | 2
r;|a[n]| :ZJ'O a(w) | dw
and
[ =] o Fdt== ] fow) |‘ow

270

2

Using the periodicity ofa(W) , We have :
aw) "> |6 (w+2kz) | dw.

1 2z
fl? =—
[ =5 [ Tam Y

And by (1.3), we have : Vw e [-x, @] :

2
| £)°<B| f[°> [6°(w+2kzr)| .
) keAZ ,
Hence ESZ 6% (w+ 2kz)
kez
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2

<|

2

o (W + 2k7) o (w+2kz)| <

>~

2
Similarly, we have : A” f” ; which implies é

. . . f(t—n
(2i) Conversely, if f verifies (1.2) then{ (t=n) }Z is a Riesz basis of Vo if and only if V f € Vo® and
for any sequence (a(n))nz < 17, we have :

AT <X Jaln]f <B] £

neZ

Suppose that for one of these sequences, (1.2) is not verified.
ThenVwe[-n, ], daw)

1
>

kez

» with support in [-, ], such that

2
or%<2

kez

2

6" (+ 2kx) 6 (w+ 2kx)

2

Aa 1
Let us first assume that for these w € [-x, & ], we have ; 0% (w+2kz) | < E

1 (2= 2
f2:— A
sol =5 [ 1am X

1 1 p2n

B2z

2
0% (w+2kr) | dw.

S |ahn]f . thatis B £[* < | aln]f".

1
B neZ nez

a(w)|dw=

2

0% (w+ 2kr)

1
Assume also that for these w € [-r, w ], we have :  p = Z

kez
amw) |y
kez

aw) |"dw<| |’

2

0% (w+2kx) | dw

2 1 ron
So ” f” =§L

1 1 ¢or
:>__
A2r7

= 3 Jalnlf <) £ |7, thatis 3 [aln]” <A] £ [
nez

nezZ

By this double contradiction, the reciprocal is well verified.

Detail spaces and wavelets

Definition 1.5 (Beg, 2013; Cheng, 2015 ; Huang, 2016)

Let A« be a fuzzy basis function and let d« (x) be an other basis function satisfying all the conditions given
in Definition 1.1

Then there exists p ¢ N with p > 1 such that dx (x) = Ac® (x) (1.4)
where Ac? (X) = A (X) cooverereenennnn Ax (X) (p times), and ok (X) is called the fuzzy delta function.
This implies that [~ &, (x) dx << [ A (x) dx (1.5)
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and _[: A(x)dx=1 (1.6)

Definition 1.6 (Beg, 2013; Cheng, 2015 ; Huang, 2016)

Let Ac (x) (fork =0,......... , N) be fuzzy basis functions.
5.(x), J=k

{A« (X)} are orthogonal fuzzy if j A ) A dx=1 e(x),|j-k =1 (1.7)
0, otherwise

where &(x) is a function such that f eX)dx=a << f o, (x) dx (1.8)

where a is an arbitrary positive real number close to 0.
Definition_1.7 (Beg, 2013)

Consider a fuzzy basis function A(x) centered on the first node, that is k = 0.
We define a displacement operator (R ) as follows:

A (X) = R A(X) (1.9
Definition 1.8 (Beg, 2013)
The fuzzy scalar product is defined by : <A, R, A> = m(;%% A® A, (1.10)
where (A® A,) (m) = A(m) A, (m) (1.11)

is an ordinary product.
Furthermore, the sum of any 2 terms in (1.10) is calculated as follows:

(A®A)MSA®A) (M) =(A®A) M+ (A®A) (M- (ABA) (M) (A®A) (n) 1.12)

Definition 1.9 (Beg, 2013)

Let A« (X) = RcA(X) (fork =0,......... ,n) be fuzzy basis functions satisfying the equations (1.6) and (1.7).
o0,(x), k=0
Then {Ax ()} are fuzzy orthogonal. This implies : (A(X), R, A(x)) =1 &(x),|k|=1 (1.13)

0, otherwise

where -, -} is a scalar product.
asf e(X)dx=a << f S.(x)dx , we can approximate(A(X), R  A(X)) as follows:

5,(x), k=0

} (1.14)
0, otherwise

(A(X), R, A(X)) ={

From this approximation, it is possible to orthogonalize the basis {6 (t - n)}nz of Vo , and obtain an
orthonormal basis {@(t - n)}nz of Vo .
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Thus, as {@(t - n)}nz is an orthonormal basis of Vo , the properties (2') and (3') of fuzzy multiresolution

i _
analysis allow us to deduce that{ Din }nEz = { 24 p(2't - n)} form a fuzzy orthonormal basis of V;

nezZ

foranyjeZ.

While these bases are suitable for approximation problems, they do not a priori have properties that
facilitate the detection of singularities in an image; on the other hand, the details that are lost when going
from a resolution j to a coarser resolution j — 1, are high-frequency components of the image.

Let W;.1 be the fuzzy space containing these details.

In the following, we define the direct sum between two fuzzy sets by using a-cuts.

Let Pk (R) be the set of compact and convex subsets of R.
It is known that V u e F(R) , the a - cut [u]* € Pk (R), 0 < a < 1.

For every 0 < o< 1 and for every u, v € F(R), we define u v using a-cuts [u+ v]* as follows:
Lemma 1.10 (Lakshmikantham, 2003; De Barros, 2017; Gomes, 2015 ; Mazandarani, 2021).
LetuandveF(R),thenV ae[0, 1] : [u+ v ]* = [u]* + [v]®.

We can define the direct sum between two fuzzy sets using a-cuts by :

Definition 1.11 (Cognet, 2000; Grifone, 2019)

[w]" = [U Dv Ja where :

[w]* =[u]* +[v]*with [u]* N [v]* = {o}.
As Vj © Vi, there is a subset W such that Vi =V EDD W;.
We define this relationship using the a-cuts by :

Definition 1.12

Ve =V +WE with Vo NWSE ={0).
The second condition implies orthogonality.

Now we present fuzzy orthonormal bases of these detail spaces; they will have interesting properties for
the detection of singularities in an image, and in particular for the compression problem.
According to the definition of a fuzzy multiresolution analysis, we have :
V, 'V,
Since @(t) € Vo, we have @(t) € V1 ; hence, there exists a sequence (hk )kz such that :
pt)=> h.V2¢2t-k).
kez

Given @, this relation allows to construct hy (via its transfer function mg (w), given in equation (1.16)).
On the other hand,
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W,cV,.
If ¥(t) is a function of Wy , there exists a sequence (g« )k.z such that :

p(t)=" 9,.v2 $(2t-k).
kez
This relationship and the previous one are called fuzzy two-scale relationships.
These two relations allow us to construct a fuzzy wavelet ¥ such that
{%(t - N)}nez be a fuzzy orthonormal basis of Wy .
By compressing or expanding ¥, we then construct fuzzy orthonormal bases of the other detail spaces:

{;//jn}nez :{ 2)2 (//(th—n)} Z is a fuzzy basis of W, for jeZ.

Construction of W

Definition 1.13 (Kumwimba, 2016; Feng, 2001; Hesamian, 2022; Chachi, 2018)
Let Uand Ve F(R) .

We define the 0perator<°, *) :F(R) xF(R) — R by the equation

~ o~ 1l o~ ~[] ~
@ ,v>:j0 (U, V, +0,; V. )da forall €0, 1] (1.15)

Thus, the two filters g = (gn )nez and h = (hn )nez that appear in the two-scale relations are expressed in
terms of @ and ¥: it is sufficient to do the scalar product above between each of the two relations and

V2 ¢ (2t—n) and to note{\/i ¢ (2t —k) }kez is orthonormal to obtain :
hy= V2 [ [#2®. 4% @t—n)+ - ). g2t -1) |da :
0, = V2 [ [y ®)-¢" @t-n)+ yL 0.4 @t-n) |da

Applying the Fourier transform to each of the scaling relationships, we obtain
(Meyer, 1987; Daubechies, 1992) the equations :

$ (w) =my (W) . (W5) (1.16)
g () =m, (W) . ¢ (W) (1.17)

1 _
where my(w)= —=>_ h,.e """
N2

kez

1 —2izw
m, (w) = EZ g,.e ™"

kez

1 1
are the transfer functions of the filters—h and—0 .
V2 V2
Let us look for a function @ that is a smoothing kernel that is {3(0) =1 and reapply (1.16) to¢(%) \
then to&(%) , and so on.

Finally, we 0btain:¢?(W)= H mO(WZj) .
j=1
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This makes it possible to express @ as a function of h in the case where the starting data of the problem is
the filter h.

Knowing m; (w), the expression of the function ¥ in the case where the starting point of the problem is
the filter g can be deduced by equation (1.17).

Fuzzy orthonormal bases of L*([0,1], B(R), u, F(R)).

Theorem 1.14

Let ....... cV,cV,cV, c..... be a fuzzy multiresolution analysis of L*([0,1], B(R), zz, F(R)).
If ¥is a fuzzy wavelet constructed according to the above procedure, then this wavelet provides a fuzzy

orthonormal basis of L*([0,1], B(R), i, F(R)).

Proof

To do this, it is sufficient to use definition 1.12 on Vj, then on V;.1, ... up to a certain level L to obtain :
Vj =V, OW W ,D............... @Wj_l.
D D D

2 _ +o0
By properties 4') and 5") of the fuzzy multiresolution analysis : L ([0’1]’13(R) 4, F(R))= f_DwW i that

o,

2
is: the space L*( ﬂﬁ(R)’”’ F(R)) is decomposed as an orthogonal sum of detail spaces at all

resolutions.

2
Consider a fuzzy function f of L ([0’1]’ B(R), 1, F(R)) .
The previous formula allows us to decompose it on the fuzzy orthonormal bases defined on the spaces
(Wj)iez -

f(t)zz Z d; vy (t) ol dj, :<f’l//ik>

jeZ kez
with the coefficients (dj« )k corresponding to the wavelet coefficients of f at resolution j

2
Thus, {¥k (1)}jez «z defines a fuzzy orthonormal basis of L ([0’1]’ﬁ(R)"“’ F(R)) on which f is
decomposed into a sum of finer and finer details as j increases.
Note, again by properties 4') and 5") of the fuzzy multiresolution analysis, that we also have:

L ([0.1]. (R, 1, F(R)) =V, &, W,.

fe LZ([O,l],ﬂ(R),y, F(R)) is then decomposed as follows :
f(t):Z Cox P () + Z Z dj,k l//jk(t)'

kez jeZ , j>LkeZ

é Coi P is the projection of f onto an approximation space V., ZZ Lg dj,k ¥ ik (®) contains all
€ Jel , J2LkKe

the details that were lost when approximating f onto V. .

Restriction to the bounded interval [0, 1]: periodic fuzzy wavelet bases
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Theorem 1.15

2
Consider a fuzzy multiresolution analysis of L ([0’ 1]’ﬂ([0’1])””' F ([0'1]))'
Given a fuzzy wavelet ¥, this wavelet allows us to obtain a fuzzy orthogonal basis of

L2([0,1], B([0.1]), &, F([0.1])).

Proof

In fact, since in this case the signals we manipulate are in practice of bounded support: we must define
fuzzy wavelet bases on a bounded interval [0, 1].

To define a fuzzy wavelet basis on [0, 1], we start from a basis of
i _
(0.4 AR 1. F R {wia ), :{24 1//(2’t—n)}
jeZ,neZ

The fuzzy wavelets ¥, (t) spanning t = 0 or t = 1 will have to be adapted.
The simplest method is to periodise the wavelets %, and the function f.
To do this, we define :

P (t) = f ft+k) et P ()= f v (t+K).

k=—o k=—o0

per per
Vi 86 T e periodic, of period 1.

per _
If the support of ¥, lies in [0, 1],%¥in = ¥in (and even if the support of the fuzzy wavelet ¥ is not

per
compact, on a small scale, ¥in  will tend to¥ in ): the behaviour of the fuzzy inner wavelets is not
affected.

per

in is defined in the same way by periodising the fuzzy scale functions.
This gives that for all J > 0, the family

[{ prenr }n:O .......... 221’ {'/’J'pvenr }sz,n:O ........... 21_1J is a fuzzy orthonormal basis of
L*([0,1], p([0.4]), 1, F ([0,1])).

per per
The spaces of fuzzy approximations Vj and the spaces of fuzzy details Wj are of finite dimensional
spaces.

per iy per _ per )
In other words, since¥ in (t+2%) = ¥ in (t) = Vi neol (t) , at resolution j there are only 2! different

fuzzy wavelets.
The same applies to fuzzg scale functions.
k

per .
Specifically, Vj is of dimension 2'.
In particular, Vo, the coarsest fuzzy approximation space, is of dimension 1: it is the set of constants on
[0, 1].

per __ per

<z 1S in fact finite-dimensional: ¢Jk T P ke2d

per .
We also have dim W;~ = 21
This periodisation method has the advantage of being simple, but it can generate large wavelet
coefficients at the edges, if the function f is not itself periodic.
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Note, however, that when periodic boundary conditions are used, the notations can be abbreviated by
per per
writing V; rather than Vi, ¥ instead of ¥ ik .........

Discussion
Our results, in particular the definition and the proof of a one-dimensional fuzzy multiresolution analysis,

constitute our major and original contribution. It allowed us to perform the decomposition of a fuzzy
signal.

CONCLUSION

A good signal compression scheme requires a good signal decomposition scheme. The signal is
subdivided into a low-resolution part, which can be described by a smaller number of bits than the
original signal, and a signal difference, which describes the difference between the low-resolution signal
and the real coded signal. We have seen that, for a fuzzy signal, this decomposition can be obtained by

one-dimensional fuzzy multiresolution analysis via the use of a-cuts. This fuzzy multiresolution analysis
allowed the definition of the detail spaces as well as the constructions of a fuzzy wavelet and a fuzzy

orthonormal basis of the space L ([0, 1],ﬂ( R), «, F(R)) on which the signal is decomposed.
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