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HIGHLIGHTS

e Recall of some definitions and main results obtained on the existence of fuzzy multiresolution analysis
in the one-dimensional case, for the decomposition of a fuzzy image.

e Presentation of a fast construction algorithm for fuzzy signal analysis and synthesis based on fuzzy
multiresolution analysis.

e Extension of the algorithm to 2 dimensions, by the two-dimensional fuzzy multiresolution analysis.

ABSTRACT

The decomposition of an image can be done in the following way: The image is split into a low-resolution
part, which can be described by a smaller number of samples than the original image, and a signal
difference, which describes the difference between the low-resolution image and the real coded image.
Therefore, this low-resolution image is also decomposed into a low-resolution image and a difference
image, making more efficient coding possible. This decomposition is repeated several times, so that a
hierarchical image decomposition is created. Thus, the low-resolution image is only half the size of the
original image. This reduced image is enlarged to the size of the original image. The result is a detailed
image that is the same size as the original image. Our problem is: "Can we build algorithms allowing the
decomposition and reconstruction of a signal in a fuzzy environment? We will answer in the affirmative.
This construction is first made possible by one-dimensional fuzzy multiresolution analysis, which will
later be extended to two dimensions. In the first part, we recall some definitions and main results
obtained on the existence of fuzzy multiresolution analysis in the one-dimensional case, for the
decomposition of a fuzzy image. The second part, based on this multi-resolution analysis, presents a fast
construction algorithm for the analysis and synthesis of a fuzzy signal. Finally, the third part is nothing
else than an extension of this algorithm to 2 dimensions, by the fuzzy multiresolution two-dimensional
analysis.

Keywords: fuzzy image, fuzzy basis function, Riesz basis, multi — analysis fuzzy resolution, fuzzy
orthonormal basis, orthogonal transform in fuzzy wavelets.

https://creativecommons.org/licenses/by-sa/4.0/

@ @ @ Copyright© 2022 UiTM Press. This is an open access article licensed under CC BY-SA

58


https://jcrinn.com/
https://creativecommons.org/licenses/by-sa/4.0/
mailto:jlakakatshi@gmail.com

Journal of Computing Research and Innovation (JCRINN) Vol. 8 No.1 (2023) (pp58-74)
https://jcrinn.com : elSSN: 2600-8793 doi: 10.24191/jcrinn.v8i1.337

INTRODUCTION

A good image compression scheme requires a good image decomposition scheme.

The decomposition of the image can be done as follows:

The image is split into a low-resolution part, which can be described by a smaller number of samples than
the original image, and a difference image, which describes the difference between the low-resolution
image and the real coded image.

Thus, wavelet decomposition reduces the size of the image at each step relative to a given resolution; each
of the details of these images being taken into account by the wavelet coefficients, which allow a
reconstructed signal to be obtained for its best transmission.

Problematic

The hierarchical decomposition as described above reduces the size of the image from one resolution to
another; however, the problem is that it is insufficient because it does not take into account the parameters
of the image in an environment containing inaccuracies.

Methodology

Our methodological scheme includes the following steps:
v" Reminder of the definitions and main results on one-dimensional fuzzy multi-resolution analysis;

v One-dimensional fuzzy wavelet decomposition and reconstruction algorithm ;
v" Generalization of the algorithm to 2 dimensions.

Interest of the subject

The transmission of an image, like any natural phenomenon, involves a large number of uncertainties.

A natural approach to controlling these uncertainties is to consider decomposition and reconstruction in a
fuzzy environment.

The interest of this work concerns the taking into account of the fuzzy environment in the construction, by
the uni and bidimensional multiresolution analysis, of a wavelet decomposition and reconstruction
algorithm

Results obtained

1. Reminder of the definitions and main results on fuzzy multiresolution analysis one dimensional

Definition 1.1 (Perfilieva, 2006; Ohlan, 2021; Bloch, 2015; Sussner, 2016)

Consider x1 <.......... < xn fixed nodes such that xo = a and Xy+1 = b with n > 2.
Then the fuzzy sets As ,....... , An , of membership functions A; (X) ,......... , An (X) defined on [a, b], form a
fuzzy partition of [a, b] if they satisfy the following conditions for k =1,......... N

1) Ac:[a,b]— [0, 1], Ac(x ) =1;
(2) Ac()=0ifxe (Xk1, Xk+1) ;
(3) Axis continuous;
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(4) A, fork=2,........ .n, grows strictly over [x«.1, Xk ] and decreases strictly over
[Xk, Xk+1] fork = 1,.......... ,n-1.
n
(5) Forallxe [a, b], > A (x)=1
k=1
And the membership functions that can be identified with the sets A,......... An are called fuzzy basis
functions.
Theorem 1.2

There is a sequence of fuzzy sets {Vj }jez forming a multi-resolution analysis of
L*([0,1], B(R). 4, F(R)).

Proof
2
Consider a sequence {VJ }jeZ in L ([0’1]’13(R)"“’ F(R)) and V ae [0, 1], let
V= [Vj ]“ the o —cuts of V;.
we have: Vi € K(R) .
Suppose that this sequence of closed intervals is nested and verifies the following properties:
1) VjeZ V/c V.,
2) Vjez,31:[0,1]- F(R) suchthat f,(t) eV < f,(2t) eVy;
3) Vkez, f,(t)eVy < f, (t—-k)eV,;
gy lim Vi = (Vi =10}
j=—0

—-©

5) jILrDoij - j_L_JwVJ'

2
It follows that V o € [0, 1], 30 cL ([0'1]’5(R)’”’ F(R)) such that {6 (t - n)}n z is a Riesz basis of
V.

Note that j stands for resolution and represents the level of analysis of the function f ; the

approximation inVi of f is twice as fine as that in * i-1 but half as good as that in i+ .
Note that we can define
V,={ve F(R):[v]" eV ).

o o
IfveVj, we have: Ve € Vitc Vi

Thus, Ve € Via thatis V€V

Hence, the choice of v being arbitrary, we have :

1)V,c V;,, VjeZ

2') By definition, if f (t) is such that Ve € [0,1] £, (t) eV , we have: f(t) eV, .
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Hence by 2), f(t) eV, < f(2) eV, VjeZ.
3') Similarly, if f(t) is such that Ve € [0,1] , f_ (t) eV , we have: f(t) €V, .
Henceby 3), f(t) eV, < f(t-k)eV,VkeZ .
Note that :
@ N
(I)[ N V} =N 7

j=—N
(..)LUNV} = U vy
5" From (ii), we have :

On the one hand, Ilm U V= U vy

N —>+o0 j=—N j=—

and on the other hand, lim [ U V} [Ilm UV} = U V“

N—>+o | j=—N N—>ow _ j=—o0

Hence: lim U V; U Vv,

N—>+o0 j=—N j=—o0

we deduce that lim V, = U 2

jo+o j:—w

And smceV cV

j+l
4') SinceV" forms decreasing nested intervals when j — —oo that is

Vg © V5, wehave: N v/ :{0}.

j=—

Hence, lim V* = {0} = ﬂ V= [ lim ﬂ 2 } by reasoning similar to 5') using (i).

o+ j=—N —w _

Therefore, we obtain: lim V, = N V; =z

jo>+o j=—

To complete the construction, let's prove that{ 0% (t-n) }nez is a Riesz basis of V", to deduce that {Vj }
generates a multiresolution analysis of L? ([O,l],,B(R),,u, F(R)).

To do this, let us first define a Riesz basis of a space denoted H (Hilbert space).

Definition 1.3 (Mallat, 1999 ; Le Cadet, 2004)

A family of vectors { e, }nez
B > 0 such that for any f € H, we can find a[n] with

is a Riesz basis of H if it is linearly independent and there exist A > 0 and

f= 3 afnle, satisfactory Al f | < Z|a IF<B| £

N =-—oo

Note that this energy equivalence ensures that the development of f on{en }nez is numerically stable.
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The following theorem, inspired by (Mallat, 1999), gives a necessary and sufficient condition for
{ 0" (t=1) iz to be a Riesz basis of V0

Theorem 1.4

Afamily {° (t—nf,_, , o [0, 1], is a Riesz basis of V" if and only if
2
<

= 0<Aand0<BsuchthatVWe[—;z,zr] i < Z QA“(W+ 2k )

kez

1)

1
A
Proof

a

(i) By definition, { r(t=n }“'GZ is a Riesz basis ofV0 if V feVo®,
« 2 2 2
f(t):n;a[n]é? (t-n) and there exist A > 0 and B > 0 such thatA” f ” Sg;a[n“ = B” f ” )

£ — A Aa A _ —izw
The Fourier transform of f is fw)=a(w) 0" (w+2kz) where a(w) = réa [n] € :

W e [- @, 7).
By the Parseval identity, we have :
2 1 e, 2
é la[n]| :ZJ'O a(w) | dw
and

1 (x| 5, 2
[ =] F0) Pt= 7] Fw) | ow

By exploiting the periodicity of a(w) , we have :

1= [

Using (2), we have: YV we [-n, n] given:
2

2

) | S |67 (w+ 2kz)

[ <B] P |67 (w+ 2kn)
kez )
Hence E = é ea (w+2k7)
2 2
2 u 2 - 1
Similarly, we have : A” f” é 6" (w+2kz) S” f” which implies é 0 (W+2k”) SZ

Lo (t-n) |, v

(2i) Conversely, if f verifies (1) then is a Riesz basis of " ° if and only if V f ¢ V" and

for any sequence (a(n))nz a(n) € I, we have :

AlfI" <X fal]f <] 1

nez

Suppose that for one of these sequences, (1) is not verified.
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ThenVwe[-n,n], 3 a(w) whose support is in [-xt, ] such that

1 2 2
3

1
or — <
kez A :E:

kez

o (w+2kr) 6 (w+ 2kx)

2

0 (w+ 2kr) <%

Let us first assume that for these w € [-w, 7 ], we have kZZ:
2 1 pom 2
soll fI" =5 1aW['Z

2

0% (w+2kz) | dw.

11 271 A 2 1 2 f 2 2
<532k aw)| =E§ |a[n]|” that is B|| f || ré|a[n]| _
2
1 "
Assume also that for these w e [-z, 7 ], we have : A <2 0“(w+2kr) | .
2
1 ToA ’\a
So ”f”2=2_J-02 a(W)|ZZ 0% (w+2kr) | dw
T kez
= 5o [l aw) P £
:71 S laln]f <| £ thatis > |a[n]]* < A| £
nezZ nezZ

By this double contradiction, the reciprocal is well verified.

Lemma 1.5 (Lakshmikantham, 2003; De Barros, 2017; Gomes, 2015 ; Mazandarani, 2021).

Consider u and v € ‘F(R) (the set of all fuzzy numbers of R).
SoVa e[0,1]:[uFv]* =[u]" +[v]*.

Definition 1.6 (Cognet, 2000; Grifone, 2019)
w=u (JDav is defined by the a-cuts by :

[w] =[u]" +[v]" asfu]” N [v] ={o} .

Definition 1.7
Given Wj ., the set of details of V;,V, =V ; (JDD W,_; such that

Ve =V W withV S DW= {0}
Definition 1.8 (Kumwimba, 2016; Feng, 2001; Hesamian, 2022; Chachi, 2018)

LetU andV € F(R).
We define the operator<o,o> :F(R) x F(R) — R by the equation
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(@.7)=[@: v +327" ) dar @3)
Theorem 1.9
Consider a fuzzy multiresolution analysis of L?([0,1], B(R),x, F(R)),....cV, cV, cV, c

Ify is a fuzzy wavelet associated to this fuzzy multiresolution analysis, then it generates a fuzzy
orthonormal basis of L2([0,1], B(R), u, F(R)).

In practice signals have bounded support : therefore we must define fuzzy wavelet bases on a bounded
interval [0, 1]. In this case, an equivalent result is :

Theorem 1.10
Consider a fuzzy multiresolution analysis of L? ([0,1],,8( [0,1]) A, F(R)).
Let i be the wavelet associated to this fuzzy multiresolution analysis, then it generates a fuzzy

orthonormal basis of L2([0,1], £([0,1]), i, F(R)).

Since in pratice, signals and images are considered of bounded support, they must be of finite resolution.
Suppose that the 1D signal to be analyzed is defined on [0, 1] and contains N = 2’ points: then it can be

represented by a vector C; = {c ' }

For the sake of simplicity, let us consider the case of periodic boundary conditions; this means that each

of the coefficients{cjyk s et {dj’k }kez characterizing the projection of f(signal) into V; and W; is

periodic with period 2! : thenVk € Z,
Cik = Cj,k+2j and djyk = dj,k+2j .

Performing an orthogonal fuzzy wavelet transform of the signal f consist in decomposing it in

Vo (JDB W, GDB ............. (JDBWJ _, and hence in finding the coefficients of its projection on Vo on the one hand,

and on each of the W;, j=0,......... , J - 1 on the other hand.
2

Therefore f belongs toV, means to: f (t) = ZCJK &, () .
k=0

ALGORITHM
Our algorithm, inspired by (Le Cadet, 2004), proceeds in 2 steps: analysis and synthesis.
Analysis:

The analysis step consists in finding, from these 27 coefficientsc,, , representing f onV, , the 2’
coefficientsc,, andd;, representing fonV, CJDD A 6;) ............. 6D9WJ_l :
Note the fact thatV, =V, , & W, , .

D

Decomposing ¢, , , onV; , we have :
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201

¢j—l,k = Z<¢j—l,k ) ¢j,n>¢j,n (4)

n=0

According to (Wu, 2002; Diamond, 2000; Butnariu, 1989) a fuzzy function 6 is strongly measurable if
and only if@. and @} are measurable Vo e [0,1] , and taking the change of variable 20~ * t; - k = t, we

can write:
j-1

(b1 b0 ) =], [ 2% g (zilt—k)zi #°(2t-n)+22 ¢;(211t_k)2i o (th—n)}da
I [ ¢; (t) 4, (2t+2k —n) 2! \/_¢ (t) g: (2t+2k—n)2‘}da

=I01 [%fzﬁ;’ t) g2 (2t +2k —n) +%¢;(t) o (2t+2k—n)}da for j fixed at 1

- (V242 0 ¢° (2t=n+2K) +¥2 4 (1) 4* (2t-n+2K) Jdar
:j:ﬁ[ 80 (1) % (2t—n+2k) +45 (1) g- (2t—n+2k) |da

= hn -2k (5)
Therefore, (4) implies that :

Gk = Zhn 2k Pin (6)
Calculatlng the scalar product of f with the vectors of each member of this equality, we have :

2l

Jlk_z Cinhyar Vk=0,....27 =1

Similarly, decomposmg Wik ontij , we have :

21

Viax = Z<l//j—1,k ' ¢j,n>¢j,n

n=0
As in (5), the change of variable 221 t; - k =t proves that :
1
Wiae da)=[V2[ w2 ©¢Y (2t-n+2K) +yL () ¢} (2t-n+2k) |da

=0n_2k v
201

Andsoy , :Zgn—Zk i ©
n=0

Taking the scalar product of f with each member of (8), we get :
-1

i’y Zc,ngnZk,Vk 0,21t -1

The equalltles given by c;.1x and d;- 1« can also be expressed in terms of circular convolution of period 2J

Cis =1Cjak fymo, . ai149j2.Cj.dj,h, gsonticides vecteurs).
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Convolution - Decimation

From the discussion above, we obtain the following result:
¢, .[k]=(c, *h)2k]  vk=0.......,.21" -1 ©)

d,,[k]=(c, *g)f2k]  vk=0,....27" -1 (10)
with h[n]=h[-n]et g[n]=g[-n].

This result can be interpreted as follows:
h is a low-pass filter, which will smooth the coordinates keeping the low frequencies and g is a high-pass
filter, which will select the details and give the high frequencies of the signal.

The fuzzy wavelet transform is obtained as an iteration of two operations: the data (initially, the vector c,

), are convolved by the filters h and g. The result of these two convolutions is that, only those of even
index are kept, the other one is eliminated. This is the decimation.

The resulting vectorc; , is used as a new starting point, and the vectord , is stored.
c,, andd, , are of size2’™* whilec, is of size2” .
Figure 1 summarises this procedure.

C,

c, Rl ¢ 1l —

[5x)

—= d
l-:u d.-‘— £ l —»

|

Figure 1: Analysis: filter bench

SYNTHESIS:

The synthesis is the opposite step of the analysis: from the wavelet coefficients, and thus from the vector

data I.COO ’{djk }j:O ............ J-1,k=0,........., 2'21J + We obtain

C, = l(CJk)k:() ,,,,,,,,,,,, N—1J '

Indeed W1 is the orthogonal complement of V;_1 in Vj, the union of their bases
{ Win }n _, and { Pian }nez is a fuzzy orthonormal basis of V; .

Therefore, any ¢; , can be decomposed into this base by:

27t 2l

¢j,k = Z <¢j,k’ ¢j—1,n>¢j—1,n + Z <¢j,k' '//j—1,n>'//j—1,n :
n=0 n=0

Using (5) and (7) in this equality, we obtain :

! 217t

2
Pix = Z he on @00 + Z Ov_2n ¥jan
n=0 n=0
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Taking the scalar product of f with each member of this equality, we find :
201 211

Cik = Z Cign Ny on + Z disn Yo -
n=0 n=0
This can also be written in vector formas X, =X, si N=2p,x; =0 si n=2p+1:

C, [k]z(c].‘_1 *h)[k]+(d}‘_l*g)[k] (11)

In other words, at each step, we double the size of ¢j and d; (on sampling) by interposing zeros between
the coefficients of consecutively even index, then we convolve them with the filters h and g, and add the
two terms.

Figure 2 illustrates this procedure

= te F & -

—= e - F-o—c¢

A

a—>"1o -8 b—

S>——®

4h—> 19 F— § ——

Figure 2: Synthesis: filter bench

Generalization to two dimensions

The general definition of a fuzzy multiresolution analysis of LZ([O,l]2 , B(R?), iz, F(R)) is similar to

that given in the one-dimensional case.
It is sufficient to consider fuzzy functions defined on R? and no longer on R.
For this purpose, we need the concept of fuzzy tensor product.

Tensor product in L2([0,1], B(R?), &, F(R))

Tensor products, in both the classical and fuzzy cases, are used to extend one-dimensional signal spaces
to multi-dimensional signal spaces.

Definition 1.11
Let A and B be fuzzy sets.
We define the product [A. B] using a — cuts as follows:

[AB], ={z:a<€[0,1] 3xecA,,yeB, avecz=xy} .
Note that A(T@ B(x) = A(x) B(x) ,
[A@B(x)| =[A(X) B,

={z: 3Ix, €A, .y, €B, withz=x, Y, |
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Two-dimensional fuzzy multi-resolution analysis
Consider a sequence of nested fuzzy spaces{Vj }jez defining a one-dimensional fuzzy multiresolution

analysis of L?([0,1], B(R), i, F(R)).
Theorem 1.12

{8=V; ®V; Yz defines a fuzzy multiresolution analysis of L2([0,1], B(R?), i, F(R)).

Proof

Since V A, B fuzzy sets, we can define the product [A. B] using a-cuts as follows:
[AB], ={z:a€[0,1] 3xecA,,yeB, avecz=xy} .
Since A(T>9 B(x) = A(x) B(x) ,

[A®B(x)] =[A(X) B(x)],

={z: Ix, €A, Yy, €B, withz=x, Y, |

If we also consider A, c A, et B, cB,, ,wehave: Ac A and Bc B,.
Hence, takingz = x, y, € (AB), tel quex, € A,, y, € B, , wealso have: x, € A, and y, € B,,.
For example,z € (A, B,),,
Therefore, posing H and H; by A€T<) Bet A @ B, respectively, we have :

H ZAC?BCHl:Ai@Bl
Iff eHthen 3f, eH,_ withf (t)=¢, (t)n,(t)and f_ (2t)=<&,(2t) 7, (21).
And let §; =V, (T@Vj . Itisclear thatif V, — V

1)9;C 941
2)Letf :R—> F(R)x F(R)
t— £(t).n(t)

f, ) =[£0).n®)], =&, ®).7.0)
If &, ) eV <&, (21) eV, then f (1)ed < f (2t)e 8%

j+l

then the first property below holds:

j+1

Hence f(t)e 9 < f(2t)e€ 91

3)
If & (t)eVy <&, (t-k)eVy

then f (t)e%® < f (t—K)ec9® thatis f(t)c9 < f(t—K)e .

Note that :
N N
MLN 91=N 9
j=—N j=—N
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(ll)[U 9 ]°= U 95

5)
Starting from (ii), we have :
Firstly,
lim U 9j*= U 9*

N—+0 j=—N j=—o

and on the other hand,

N'Enm( _Q 95 ) * =(lim U 9 ).
Hence
lim U 9= UO 9.

N~>+00J__N j=—o0

And since 9j < 9j+1, we deduce that lim 9j= U 4.

J—)+DO J_fm

4) Since V; < V;,, , we have :V < V/,. Hence §; “ form decreasing nested intervals when j — —o0

that is 9% g+1) € 9%j.
N
Therefore : ﬂ 9;* = {0} and I|m 9 ={0} = ﬂ 9;@ (Ilm 8 i) ¢ by reasoning similarly to 5) and

j=—o

using (i).
Hence: lim 9;= ﬂ 9=

jo>+o j=—o0

To complete the construction of the fuzzy multiresolution analysis, we prove the following
theorem:

Theorem 1.13
Let 8; and @; be two bases of the fuzzy space Vj, then

ié?j(t—n).¢j(k—m)=9j@¢j(t—n,k—m)} isaRieszbasisofSszj@Vj .

(n,m)ez?
Proof
Indeed, &; and ¢; being two bases of V;, 6, 6T<> ¢; is abase of 9 that is ;" ® ¢ is a base of 9;*.
By Theorem 1.4, 0] ® ¢ (t—n,k—m)= 67 (t—n).4;(k—m) is a Riesz basis of §;“ =V @ V
ifand only if 3 0 <Cand 0 <D such thatVwe [— T, 71'] ,

2
1 Aa /\Ot
BS 0] (W+2kr) . ¢i (W+ 2Kr)

Hence, Hj @ ¢j is a Riesz basis of 9; if and only if 3 0 <C and 0 <D such that VW e [— T, 7z] ,

2

<| 0,(w+2kz) . g, (W+2kz) | <

1
=

@ @ Copyright© 2022 UiTM Press. This is an open access article licensed under CC BY-SA
@ https://creativecommons.org/licenses/by-sa/4.0/

69

1
D



https://jcrinn.com/
https://creativecommons.org/licenses/by-sa/4.0/

Journal of Computing Research and Innovation (JCRINN) Vol. 8 No.1 (2023) (pp58-74)
https://jcrinn.com : elSSN: 2600-8793 doi: 10.24191/jcrinn.v8i1.337

Therefore, {3; =V @ V }jz generates a fuzzy multiresolution analysis of
L*([0.1F", B(R*), &, F(R)).

Thus, the fast fuzzy wavelet transform algorithm presented in one dimension can be extended to two
dimensions. _
Consider for all scales 2! and for all n = (n, n):

Cin :<f,¢in> and d;n :<f’l//:'<,n> for 1 <k <3 where
{¢12n (X) :¢j,n1 (X1) ¢j,n2 (Xz):2j¢(2j Xy _n1)¢(2j X, _nz)
=20 [[g2 @'x -n) 22", —n,)+ - @1% —n) g5 @1 %, —n,) [da ), e
(fuzzy orthonormal basis of 9;)

and {p/}, (0 =2y @0 % —n, 20, —ny) |

(fuzzy orthonormal basis of L([0,1]*, #(R?), 1, F(R)) )
withy () =6 (%) w (%) = [ [ 87 00wl () + 8L () W (%) Jdar
)=y ()6 (%)= [ [wl () 2 () + wh(x) gL (%) Jda

1
w00 =y () w () = [0 () wl (%) + wEx) vk (x,) |da
For any pair of one-dimensional filters y [m] and z [m], we can write yz [n] =y [n: ]. z[n2 ], and

y[m]=y[-m].
Consider h[m] and g[m] as two conjugate filters associated with the fuzzy wavelety .

ALGORITHM
Decomposition

Wavelet coefficients at scale 2/ are calculated from ¢; by convolution and two-dimensional separable
subsampling.

The decomposition formulas are obtained by applying the one-dimensional convolution formulas given in
(9) and (10) to the separable two-dimensional fuzzy wavelets and scaling functions for n = (ns, ny):

c,.[n]=(c; *h h)[2n] (12)
dj,[n]=(c; *h g)[2n] (13)
df,[n]=(c; *g h)[2n] (14)
di,[n]=(c; *g g)[2n] (15)

This result can be interpreted as follows:

A separable two-dimensional convolution can be factored into the one-dimensional convolutions along
the rows and columns of the fuzzy image.

As the factorisation is illustrated in Figure 3, these 4 convolution equations are obtained with only 6 one-
dimensional convolution groups.

The lines of ¢ are first convolved with h and§ and sub-sampled by 2.
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Then, the columns of these two produced images are convoluted respectively
withh and g and subsampled to give the 4 subsampled imagesc, , dj, d’, etd? .
We can conclude as follows:
The fuzzy wavelet transform of the image c. gives 3J + 1 fuzzy sub-images
Lov-s, {di*, 4%, di®hos<n ], (16)
calculated by iteration of the recursion relations (12) - (15) for L - J < j <L ; J being the number of
octaves (frequency band) considered for this decomposition.

c, >— kL 12 — h l2 —>— .,
>— 8 l2 ——>—4d.

>— 8 12 — R lg ——diL

> g8 lg F>— di,

Figure 3: Decomposition of ¢; into 6 convolution groups and one-dimensional sub-samples along the
rows and columns of the blurred image.

RECONSTRUCTION

Let ¥ [n] =¥ [n1, n2 ] denote the fuzzy image of size two, obtained by inserting a row of zeros and a
column of zeros between rows and even columns consecutively.

The approximation c; is reconstructed from the coarse scale approximation c; .1 and the wavelet
coefficients d;i* with separable two-dimensional convolutions derived from the one-dimensional
reconstruction formula in (11).

The result is :
¢;[n]=(coxhh) [n]+ @i xhg)n]+ (], xgh)[n]+(d],*gg)[n] 7)
Therefore, the image c. is reconstructed by the wavelet representation (17) for L-J< j<L.

The 4 separable convolutions in (19) can also be factorised into 6 groups of one-dimensional convolutions
along the rows and columns, as shown in Figure 4.
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Cyy— T2 [ > TE h ¢y
fl\ AT
diy——>r— T2 8 >
din ——| 12 h 7> 12 8
A
a3 —>— 19 — 8

Figure 4: Reconstruction of c; by inserting the zeros between the rows and columns of ¢;.; and
d;-1*, and filtering the result.

Discussions

Our results, mainly the definition and the proof of two — dimensional fuzzy multiresolution analysis as
well as the construction of decomposition et reconstruction algorithms, constitute our major and original
contribution.

CONCLUSION

The paper deals with new algorithm for decomposition and reconstruction of a fuzzy one- or two-
dimensional fuzzy signal in fuzzy wavelets. In general case, decomposition and reconstruction of image
follow a suitable procedure. For the decomposition: The image is divided into a low-resolution part,
which can be described by a smaller number of bits than the original image, and a signal difference,
which describes the difference between the low-resolution image and the real coded image.

The low-resolution image is in turn decomposed into another low-resolution image and a difference
image, making more efficient coding possible. Repeating this decomposition several times, we obtain a
hierarchical image. The resulting low-resolution image has only half the size of the original image.

The reduced image is then enlarged to the size of the original image. The result is a detailed image that
has the same size as the original image. Similarly, fuzzy wavelet decomposition reduces the size of the
fuzzy image at each stage and each fuzzy detail in these images is taken into account by the fuzzy wavelet
coefficients which allow a good reconstruction of signal for better transmission. In this work, we have
described, using orthonormal wavelet transform, algorithms for the decomposition and reconstruction in
fuzzy wavelets for a one and two-dimensional signal by associated fuzzy multiresolution analyses.
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